Abstract. In this paper, we determine completely the Lyubeznik numbers λ i,j (A) of the local ring A at the vertex of the affine cone over a nonsingular projective variety V , where V is defined over a field of characteristic zero, in terms of the dimensions of the algebraic de Rham cohomology spaces of V . In particular, we prove that these numbers are intrinsic numerical invariants of V , even though a priori their definition depends on an embedding into projective space. This provides supporting evidence for a positive answer to the question of embedding-independence for arbitrary varieties in characteristic zero, which is still open.
Introduction
Let A be a local ring that admits a surjection from an m-dimensional local ring (R, m) containing its residue field k, and let I ⊂ R be the kernel of the surjection. (All rings in this paper are commutative and have an identity.) For non-negative integers i and j, the local cohomology multiplicities, or Lyubeznik numbers, of A are defined to be λ i,j (A) = dim k (Ext (R) with respect to m. These numbers were defined in [Lyu93] . It is proven in [Lyu93, Theorem 3.4(d)] (resp. [HS93, Theorem 2.1]) that these Bass numbers are all finite when char(k) = 0 (resp. char(k) = p > 0), and further, they depend only on A, i, and j, not on the choice of R nor on the choice of surjection R → A [Lyu93, Theorem-Definition 4.1]. Some properties of these numbers were subsequently worked out in [Wal00] and [Kaw02] , and a topological interpretation (in the case k = C) was given in [GLS98] .
In this paper, we are concerned with the case in which A is the local ring at the vertex of the affine cone over a projective variety. To be precise, let V be a projective variety of dimension r over a field k of characteristic zero. Under an embedding V ֒→ P n k , we can write V = Proj(k[x 0 , . . . , x n ]/I) where I is a homogeneous defining ideal for V . Let m = (x 0 , . . . , x n ) be the homogeneous maximal ideal of k[x 0 , . . . , x n ], so that I ⊂ m. Then A = (k[x 0 , . . . , x n ]/I) m is the local ring at the vertex of the affine cone over V , and we can define the multiplicities λ i,j (A) as in the preceding paragraph. In [Lyu02, p. 133], Lyubeznik asked whether λ i,j (A) depend only on V , i, and j, and not on the embedding V ֒→ P n k (or, for that matter, on n). Zhang settled this question in the affirmative in the case of the "top" Lyubeznik number λ r+1,r+1 (A), in any characteristic, in [Zha07] ; he went on to give an affirmative answer for all λ i,j (A) in the char(k) = p > 0 case in [Zha11] . In [Zha11] , several preliminary results are established in a characteristic-free setting, but the main line of argument makes crucial use of the Frobenius morphism. This left the characteristic-zero case open for all but the "top" Lyubeznik number.
In this paper, we determine completely the Lyubeznik numbers λ i,j (A), in the case in which V is a nonsingular variety, in terms of quantities known already to be embedding-independent. Our proof uses results of Hartshorne and Ogus on algebraic de Rham cohomology, and develops the ideas of [Lyu93, p. 54] and [GLS98, Remark 2]. The characteristic-zero analogue of the result of [Zha11] remains open for singular varieties. Our result on the embedding-independence of the integers λ i,j (A) for nonsingular varieties provides further supporting evidence for a positive answer to the question of their embedding-independence for arbitrary varieties.
We fix some further notation. V , I, and A remain as above, except that now and for the remainder of the paper we will assume V is nonsingular. Write R = (k[x 0 , . . . , x n ]) m , a regular local ring, so that A = R/I; it is this R which will intervene in the definition of λ i,j (A) in terms of Bass numbers. The following quantities will appear repeatedly: dim(R) = ht(m) = n + 1, ht(I) = codim(V, P n k ) = n − r, and dim(A) = r + 1. In particular, since dim(R) = n + 1, our definition of the Lyubeznik numbers of A reads
Finally, we remark that, as explained in [Zha11, §8] , it is harmless to assume that k is algebraically closed, since Lyubeznik numbers are unaltered under extension of the base field. Under this assumption, we have the following embeddingindependent description of λ r+1,r+1 : Theorem 1.1. [Zha07, Theorem 2.7] Let V 1 , . . . , V s be the r-dimensional irreducible components of V , and let Γ V be the graph on the vertices V 1 , . . . , V s in which V i and V j are joined by an edge if and only if dim(V i ∩ V j ) = r − 1. Then λ r+1,r+1 (A) equals the number of connected components of Γ V .
Remarks in [Lyu93, §4] establish that λ i,j (A) = 0 if either i or j is greater than r + 1, Theorem 1.1 deals with the case i = j = r + 1, and our Main Theorem 1.2 below deals with the remaining cases. This furnishes a complete description of all λ i,j (A).
, where H dR denotes algebraic de Rham cohomology in the sense of [Ha75] . [Ha75, Theorem II.6.2] implies that all β j are finite. With the above notation and the hypothesis that V is nonsingular, the following hold:
Since algebraic de Rham cohomology is intrinsic to V [Ha75, Theorem II.1.4], the above list, together with the result of [Zha07] , immediately implies the following: Corollary 1.3. If V is a nonsingular projective variety over a field k of characteristic zero and λ i,j (A) is calculated as above, then for all i and j, λ i,j (A) depends only on V , i, and j, not on n nor on the embedding V ֒→ P n k . The rest of the paper consists in a proof of the first three claims of Main Theorem 1.2. Claim (1) will follow from known results on the local cohomology H n+1−j I (R) and from the definition of λ i,j . To establish Claims (2) and (3), we will first relate local cohomology supported at I to local cohomology of the formal spectrum of the I-adic completion of R, then we will use a result of Ogus [Og73] to relate this formal local cohomology to local de Rham cohomology. Finally, we will appeal to an exact sequence worked out in [Ha75] connecting local de Rham cohomology at the vertex of the affine cone over V to the de Rham cohomology of V itself. Claims (4) and (5) appeared first in [GLS98] and thus are not proven here; see also [BB05] for an alternative proof using the Grothendieck composite-functor spectral sequence.
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Proof of Claim (1)
We need the following lemma on the support of the local cohomology modules under consideration:
Lemma 2.1. With the above notation, since V is nonsingular, Supp(H i I (R)) ⊂ {m} whenever i = ht(I) = n − r.
Proof. Since V is nonsingular, the affine cone over V has an isolated singularity at its vertex, and so all its other local rings are regular local rings. That is, for any prime ideal p = m of the coordinate ring k[x 0 , . . . , x n ]/I, the localization
is a regular local ring, where we write I p = IR p . We will show that for any prime ideal p = m of R (that is, any non-maximal homogeneous prime ideal of k[x 0 , . . . , x n ]), p does not belong to the support of H i I (R) for any i = ht(I), i.e. the localization (H i I (R)) p is zero. This is clear if I ⊂ p, so we assume that I ⊂ p, in which case ht(I) = ht(I p ). By the flat base change principle for local cohomology [BS13, Theorem 4.3.2], we have (
Since both R p and its quotient R p /I p ≃ A p are regular local rings, we conclude [BH98, Proposition 2.2.4] that I p is generated by part of a regular system of parameters of R p , which must have ht(I p ) = ht(I) = n − r elements. But if an ideal is generated by a regular sequence of length n − r, local cohomology supported at this ideal cannot be nonzero in any degree other than n − r. (R)) vanishes for all i > 0, so that if i > 0 and j < r + 1, the dimension of this Ext module (which, by definition, is λ i,j (A)) is zero, proving Claim (1).
Proofs of Claims
(R) ≃ E tj is t j -dimensional, from which it follows that λ 0,j (A) = t j (for 0 ≤ j ≤ r). We therefore turn our attention to the determination of t j .
We may complete R at the maximal ideal m without changing the λ i,j (A) [Lyu93, Lemma 4.2], so we can, and will, assume that R is the complete regular local ring k[[x 0 , . . . , x n ]]. Working over a complete local ring, we have access to the theory of Matlis duality. Let D denote the Matlis dual functor from the category of Rmodules to itself, so that D(M ) = Hom R (M, E) for an R-module M , where E = E(R/m) is the injective hull mentioned above. We will compute D(H n+1−j I (R)) in two different ways and equate the two answers. On the one hand, D is an exact functor (since E is injective) and D(E) ≃ R [BS13, Theorem 10.2.12(i)], so that Here X = Spec(R), Y ⊂ X is the closed subscheme defined by I, P ∈ Y is the closed point,X is the formal completion of X along Y and OX is the structure sheaf ofX.
Equating the results of our two calculations of D(H n+1−j I
(R)), we see that H j P (X, OX ) ≃ R tj . So we have reduced ourselves to the calculation of the Rrank of H j P (X, OX ), for which we will need algebraic de Rham cohomology. We briefly recall the definition of algebraic de Rham cohomology, referring the reader to [Ha75] for details. If Y is a scheme of finite type over k which admits an embedding as a closed subscheme of a smooth scheme X over k, the algebraic de We will use the following theorem of Ogus to relate the formal local cohomology obtained above to algebraic de Rham cohomology (we have changed Ogus's notation to match ours): Notice that by Lemma 2.1, the hypothesis of Ogus's theorem (that the local cohomology be supported at the maximal ideal) holds if we take s = r + 1. The conclusion in our case is then that, for j < r + 1 = s, we have an isomorphism As in the statement of Main Theorem 1.2, let β i denote the dimension of the k-vector space H i dR (V ). Theorem 3.2, which is true for any projective variety over a field of characteristic zero, is already enough for us to determine λ 0,0 (A) = 0 (from the first statement) and λ 0,1 (A) = β 0 − 1 (from the short exact sequence), proving Claim (2). To prove Claim (3) we will need the hypothesis that V is nonsingular, and also the assumption (justified in the Introduction) that k is algebraically closed. These hypotheses allow us to extract more information from the long exact sequence of Theorem 3.2 by using the hard Lefschetz theorem in the following form: j (V an ; C) (this only requires that V be a scheme of finite type over C), and this isomorphism carries the de Rham hyperplane class to the Betti hyperplane class, so that the result is true when the base field is C. The statement for an arbitrary algebraically closed base field k with char(k) = 0 follows from the statement for k = C by the "Lefschetz principle". Take a finite set of generators for the homogeneous defining ideal of V , in which only finitely many coefficients from k appear, and consider the field k ′ obtained by adjoining this finite set of coefficients to Q. V may thus be defined over the field k ′ : if V ′ is the variety defined over k ′ by the same homogeneous polynomials as V , then V = V ′ × k ′ k, and V ′ is also nonsingular. Since Q ⊂ k ′ ⊂ k and k is algebraically closed, we may embed k ′ in C. As V is nonsingular, H j dR (V ) is simply the hypercohomology of the de Rham complex of V , which is seen immediately to commute with extensions of the scalar field because formation of the module of Kähler differentials commutes with such extensions; this reduces the hard Lefschetz theorem for V over k ′ to the hard Lefschetz theorem for V over C, which we've already seen is true.
We return to the proof of Claim (3). If j < r (so that H We see at once from these exact sequences of finite-dimensional k-vector spaces that λ 0,2 = dim k H 2 P (C) = β 1 and, for j ≥ 3, λ 0,j = dim k H j P (C) = β j−1 − β j−3 , proving Claim (3).
